BOUNDARY BEHAVIOR OF POISSON INTEGRALS
ON SYMMETRIC SPACES

BY
ADAM KORANYI(®)

Introduction. Let D be a product of halfplanes,
D =A{zy,....,22) | z; = x;+iy, y; > 0(1 £ j = n)}.

Its distinguished boundary is the space of real points (x, ..., x,). An unrestricted
nontangential domain at (x§, ..., x3) is a set {(zy, ..., z,) | |x;— x| <ey; 1 Sj<n)}
for some «>0. A restricted nontangential domain is a subset of the above, satis-
fying y,< My, (1<j, k<n) for some M > 1. With the aid of these one defines the
notion of restricted or unrestricted convergence of a function F on D to a boundary
function f. Generalizing the classical Fatou theorem Marcinkiewicz and Zygmund
have shown [18, Chapter XVII] that if F is the Poisson integral of f then F con-
verges to f almost everywhere, unrestrictedly if fe L? (1 <p=<o0) and restrictedly
if fe L.

For a product of discs one can make analogous definitions and one has analogous
results. Since halfplanes and discs are equivalent under conformal transformations
which extend to the boundary almost everywhere, the results about products of
discs are equivalent to the results about products of halfplanes.

The results of Marcinkiewicz and Zygmund were generalized in [9] to products
of unit balls in complex n-space. In this case the natural generalization of non-
tangential convergence is no longer nontangential in the geometric sense; in [9]
it was given the name admissible convergence. One still has the distinction between
restricted and unrestricted admissible convergence.

In trying to generalize these notions to arbitrary symmetric spaces of noncompact
type several new features appear. First, a space may have more than one boundary
(the Furstenberg-Satake boundaries). To each boundary there corresponds a
different Poisson integral, and to each one has to define a different notion of
restricted (and unrestricted) admissible convergence. Second, since a symmetric
space in general has no natural imbedding as a domain in Euclidean space, one has
to define restricted and unrestricted admissible convergence in an intrinsic way.
Finally, the notion of restricted admissible convergence which seems to be natural
depends (for each fixed boundary) on the arbitrary choice of an element H in a
certain Weyl chamber. In fact, this arbitrary choice also appears in the case of a
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product of halfplanes or discs as soon as one tries to make the definition intrinsic,
i.e., independent of the geometry of the ambient Euclidean space; it is a reflection
of the fact that there are infinitely many geodesic lines going from an interior
point to a given boundary point. We note, however, that there are cases in which
there is no arbitrary choice to be made. Such are the symmetric spaces of rank one
(where there is only one boundary) and the irreducible Hermitian symmetric spaces
with the Bergman-Silov boundary.

Several generalizations of Fatou’s theorem involving more special notions of
convergence have been found recently [5], [7], [16], [17]. The purpose of the present
paper is to extend all these results to the case of restricted admissible convergence.
In the case of [16] and [17] this does not involve an actual extension, we shall only
show that the type of convergence used there is equivalent with our general notion
of restricted admissible convergence.

In §1 we transform the Poisson integral from an integral on the boundary to an
integral on a nilpotent group; this generalizes the transformation from the unit
circle to the real line, and is an idea which has much been used by Harish-Chandra.
The results of this section could all be extracted from the work of Karpelevi¢ [6],
but we prefer to give a concise, more or less self-contained treatment. In §2 we
define restricted admissible convergence, then proceed to give an equivalent
characterization of it, more suitable for computations. This again corresponds to
transforming nontangential domains in the disc to nontangential domains in a
halfplane. Proposition 2.5 generalizes the fact that Fatou’s theorem on the disc is
equivalent to Fatou’s theorem on the halfplane. Theorem 2.6 is the generalization
of Fatou’s theorem for Poisson integrals of L®-functions. In §3 we discuss Hermi-
tian symmetric spaces with the Bergman-Silov boundary. We show that the notion
of convergence used in [9], [16], [17] is equivalent with restricted admissible
convergence. So in this case Fatou’s theorem holds for L?-functions (1 <p <0); in
fact, by [9] and by some recent, as yet unpublished results of E. M. Stein and N. J.
Weiss, even for L!'-functions. In §4 we make some remarks on unrestricted ad-
missible convergence without being able to settle the question completely. In
§5 we discuss symmetric spaces of rank one; in this case there is no difference
between restricted and unrestricted convergence. For these spaces A. W. Knapp [7]
proved generalized radial convergence for Poisson integrals of L!-functions; we
extend his result to admissible convergence, and we also get a generalization of
Privalov’s local version of the Fatou theorem.

1. The Poisson integral. Let G be a connected semisimple Lie group with
finite center, K a maximal compact subgroup, X=G/K the corresponding sym-
metric space. Let g, T be the Lie algebras of G, K and let g= T+ p be the Cartan
decomposition. We denote by a a maximal abelian subspace in p, and by § a
Cartan subalgebra of g containing a. We consider the root system of the complexi-
fication g¢ with respect to H°; the real subspace spanned by the roots is then
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a@® h*, withih* <) N 1. We fix a lexicographic ordering of the roots by choosing
a basis in a and in H*. The restriction of a root to a we call a restricted root. We
denote by F the set of distinct nonzero restrictions to a of the simple roots. a*, the
positive Weyl chamber in a, is the set of those points in a on which every element of
F (and hence also every positive restricted root) is positive.

Following Satake [13] and Moore [12] we fix a subset E of F and denote by a(E)
the subspace of a on which all elements of E vanish. g is the direct sum of weight
spaces for the adjoint representation of a(£) on g, and the weights are the re-
strictions of the restricted roots to a(E). The weight space for 0 is a reductive
subalgebra of g, we denote its semisimple part by g¥ and its intersection with
t by m(E). (So m(E) is the centralizer of a(E) in t.) Let t¥=g% N ¥; this is a
maximal compact subalgebra of gZ, also contained in m(E). The sum of the positive,
resp. negative, weight spaces we denote by n(E), resp. i(E); these are nilpotent
subalgebras of g. The sum of the nonnegative weight spaces will be denoted
B(E). The sum of the positive weights, with multiplicities counted, we denote
by 2pg.

The analytic subgroups of G corresponding to a, a(E), g, t&, m(E), n(E), A(E),
B(E) will be denoted by 4, A(E), GE, K%, My(E), N(E), N(E), By(E). M(E) will be
the centralizer of a(E) in K, and B(E) the normalizer of n(E) in G; their identity
components are then My(E) and By(E). If E= 2 we have A=A(F), GE=KE={e}.
In this case we write Mo, M, N, N, B, B instead of M(E), M(E), . ... Clearly N, N
are then ordinary Iwasawa subgroups of G. It is known [12, Theorem 3] that B(E)
equals the semidirect product M(E)-A-N. By the Iwasawa decomposition it
follows that K/M(E) and G/B(E) are isomorphic as K-spaces. These spaces, for
the possible different choices of E, are the boundaries of X in the sense of
Furstenberg and Satake; the case E= o gives the “ maximal boundary” of Fursten-
berg.

We shall repeatedly use the Iwasawa decomposition G=KAN. For g€ G, we
shall use the notation g=k(g)(exp H(g))n where k(g)e K, H(g)ea,ne N. k(g)
and H(g) are uniquely defined continuous functions of g.

1.1. LEMMA. For all b € B(E),
|det Ad(b)| = e2osH®»

where Ad denotes the adjoint representation of B(E) on b(E).

Proof. We write b=man with m € M(E), a=exp (H(b)), n € N. Using that M(E)
is compact and N is nilpotent it follows that |det Ad(b)| =|det Ad(a)|. Denoting by
go the weight space for the weight 0 of a(F) on g, we have the decomposition
b(E)=g,+n(E). Since g, is reductive and contains a, Ad(a) acts on it trivially.
Therefore det Ad(a) is equal to the determinant of the restriction of Ad(a) to n(E)
and the assertion follows.
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1.2. PROPOSITION. Let uy be the normalized K-invariant measure on G|B(E),
W IS quasi-invariant under G and its multiplier is given by

Py(g, u) = % = @2Pp(HW~H(g~1u)

where u denotes the coset uB(E).

Proof. (Trivial extension of a proof sketched in [14].) For any ¢ € Co(G) we have

(L.1) f (i) f o(ub) db = f o(kb) dk db
G|/B(E) B(E) K x B(E)

where dk, db are left Haar measures. Also, by a known formula [1, Chapter 7, §2,
Corollary to Proposition 13] for any ¢ € Co(G) we have

_ Ag(b)
(1.2) L () du = fm@) W) 5553 de o

where Ag, A are the modular functions of G, B(E). In the present case A;=1 since
G is semisimple, and A is given by Lemma 1.1. Applying (1.2) to the function
Y(g)=op(g)e~2°sH@ and using (1.1) we obtain

(1.3) f du() J o(ub) db = f plu)e™20sHW gy,
GIB(E BB G

Applying (1.3) to the left translate ¢°(#) =¢(gu) and changing the variable

f o(u)e~20sH@~ W) gy = f
G

G/B(E)

dus(e™) [ plub) .
B(E)
Applying (1.3) again, the right-hand side is equal to

dus(g~'0) ') - 20 (HW)
J Lk e

and the assertion follows.
We denote the identity coset of G/K=X by o. Following Furstenberg [3] we
define the Poisson integral of a function f € L*(G/B(E)) by

Flg-o) = [ f(gi) dusti = [ Psle, )@ dust)
G|/B(E) G/B(E)

for all g € G. It is clear that the integral depends only on the coset g-o.

By the lemma of Bruhat and Harish-Chandra the restriction of the natural map
G — G/B(E) is an injective analytic map of N(E) onto a dense open subset (cf. also
[12, p. 208]). Therefore every integral on G/B(E) can be transformed to an integral
on N(E) with respect to the Haar measure of N(E).
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Given any function f on G/B(E), we shall denote by f; the function defined on
N(E) by fi(s)=f($). This notation will be used throughout the paper. Because of
typographical reasons we use the notations s, §', s, . . . for elements of N(E).

1.3. LEMMA. For every integrable function f on G|B(E) we have

f S@) dug(@) = f fi(s)e—205HO g,
GIB(E) NE

Proof. (This argument, for the case E= @, was communicated to me by S.
Helgason.) It is clear that a formula of this type must hold with some function (s)
in place of e~2°=H® By obvious transformations we have, for fixed s € N(E),

j Sl (s~ 15,) ds, =f Fils)(sy) ds,
NeE) NeE)
=j £G1) du(i) =f F)P(s, 1) du(i)
G/B(E) G|B(E)
- f FU)Ps(s, $1)0(s1) dsy.
NE)

This is true in particular for every continuous f; with compact support. Therefore
P(s™18,) =Px(s, $1)(s,). Setting s;=e and using Lemma 1.2 we find that (s)

= e~ 205(HE)

1.4. LEMMA. Every x € X can be written in the form x=sma-o (s € N(E), m € KE,
a € A). x determines s uniquely and a up to an element of the centralizer of o(E) in the
small Weyl group. If x varies in a compact set, then s, a also stay in compact sets.

Proof. By the Iwasawa decomposition G=NAK we know that x=s,a,-0 with
unique s, € N, a, € 4, depending continuously on x. We have'an induced Iwasawa
decomposition, G¥=N¥A%K®, and N=N(E)-N*¥ (continuous semidirect decompo-
sition), A=A(E)-AE (continuous direct decomposition). Hence x=ss'a,a’-0=
saps'a’-o with s e N(E), s' € N%, a, € A(E), a’ € A%, each depending continuously
on x. We also have GE=K*A45KE, the part in AF being determined up to the small
Weyl group of GE/KE. So we have s'a’-o=ma"-0 (me K%, a" € A¥) and x=
sapma”-o=sm(a,a")- o, proving the assertion.

REMARK. We have GEF-o~ GE/KE; this is a symmetric subspace of X which can .
be denoted by X%. The lemma can be reformulated as saying that x € X has the
unique continuous decomposition x=sa,-x% (s € N(E), a, € A(E), x* € XF). In
this form it is much used by Karpelevi¢ [6].

1.5. PROPOSITION. Let f be an integrable function on G|/B(E) and let F be its
Poisson integral. Then

F(soma-o) = f fl(so s™0)e 205 HON) dg
(e

for all s, € N(E), me KE, ac A, (also for m e M(E)).
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Proof. By definition of the Poisson integral and by Lemma 1.3,
Fsoma-0) = [ frmea) du@)
G/B(E)
— f fsom“(j)e"sz(H(S» ds.
NE)

Since somanB(E)=s,s™B(E), we have f%™%(§)=f,(sos™?), finishing the proof.
REMARKS. 1. Defining the function £ , on N(E) by

Po(s™1) = e~ s -lor e

the statement can be rewritten as a convolution
F(soma-0) = (f * PE .)(s0).
2. #E , has the (trivial) homogeneity property

gg,aal(sal) = yﬁ’a(s)em)s(loz o)
for all a, € A(E).
2. Restricted admissible convergence. Let E be a subset of F, which will be
fixed for this section. Let a*(E) be the subset of a(E) on which all positive a(E)-
weights have positive value. Let He a*(E), 7 € R, g € G, and let C< X be a compact

M(E)-invariant set with nonempty interior. We define a truncated restricted
admissible domain at ¢ € G/B(E) by

Ry.o(8) = {k(g)exp tH)-x |t 2 7,x€ C}.

It is easy to check that this set depends only on the coset of g.

We shall say that a function F on X converges at ¢ admissibly and restrictedly
with respect to H to the number r if for all >0 and all C there exists = such that
x € Ry, c () implies |F(x)—r|<e.

If f is a function on G/B(E) and F a function X, we say that F converges to f
admissibly and restrictedly (with respect to H) a.e. if for almost all ¢ (with respect to
wg) F converges at g to f(¢) admissibly and restrictedly.

2.1. PROPOSITION. Given C< X, compact, M(E)-invariant with nonempty interior
and a compact set C;<G, there exists C'< X, compact, M(E)-invariant with non-
empty interior, such that

&Ru.c(8) © R, c(€8)
forallg'e Cgandall =, H, g.
Proof. Using the definition and the Iwasawa decomposition G=KAN, we have

&' Ru.c(8) = 8'k(8)%u,c(&)
= k(g'k(g))a(g'k(gNn(g'k(&)%%k,c(é).
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It is clear that k(g'k(g))=k(g’g) and that a(g’'k(g)), n(g'k(gg)) stay in compact
subsets of A, N as g’ varies in Cg and g in G. Hence it suffices to show that there
exists a compact C’'< X such that

anPyy,c(€) < Ry, c(é)
for all a, n varying in given compact subsets C,, Cy of 4, N. For this we note that
an&y,c(é) = {an(exp tH)-x |t 2 7,x € C}
= {(exp tH)an*®"**.x |t 2 7,x€ C}.
This shows that
C'={an*-*".x |aeCyneCy,t 2 r,Hea*(E), xe C}
has the required properties.

COROLLARY. “F converges to f admissibly and restrictedly with respect to H” is a
G-invariant notion.

We proceed to define a kind of norm on N(E), depending on H (which we con-
sider fixed in a*(E)). n(E) is the sum of weight spaces g, with A a negative linear
form on a(E). Each g, is invariant under the compact group Ady(M(E)) since
M(E) centralizes a(E); we put an M(E)-invariant norm | | on each g,. Any
s € N(E) can uniquely be written in the form s=exp Sx<o U, (U, € g8,), and we
define

|s|H = Max {IUAI-IIMH)}'
A<O

2.2. LeMMA. For any t€ R,

IsexptHIH _ e_tlsllb

The proof is immediate from the definitions.

2.3. LEMMA. There exists a constant c, depending on the choice of H, such that

lss'|a < e(Is]|a+]s"|m)
for all s, s’ € N(E).

Proof. Let V;={s | |s|y <¢'}. The sets ¥, are compact and they exhaust N(E) as
t — co. Hence V,-V,<V, for some r € R. Let c=e¢".

By Lemma 2.2 we have V,=V{* ", Now write |s|y=¢, |s'|z=¢*, and let
r=Max {t,'}. Then ss'e V- Vo<V, -V,=(V,- V)™ *HcV,,,, and so |ss'|y
Set'=et(Is|g+]s|n)-

Now we define the analogues of truncated nontangential domains on the upper

halfplane. Let | | be any norm on the vector group 4. For s, € N(E), «>0, e R
we define

T%,4(50) = {so(exp tH)sma-o |t 2 7;me K%; |a], |s|q S o}.
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2.4, PROPOSITION. Let H be fixed. Let F be a function on X, f a function on G|B(E).
Then F converges to f admissibly and restrictedly a.e. if and only if for almost all
s € N(E) (with respect to the Haar measure) and for all «>0, ¢ >0 there exists T € R
such that x € Ty, o(s) implies | F(x)—fi(s)| <e.

Proof. The cosets of the elements s € N(E) form a set of full measure in G/B(E),
so it is enough to consider these. We wish to show that at each $ restricted ad-
missible convergence of F is equivalent with the analogous notions defined in
terms of the sets I" instead of the sets . By the obvious fact that '}y (s)=s-T'},.(e)
and by Proposition 2.1 it suffices to show this at é.

For this we note that each I'}; ,(e) is contained in (even equal to) an %%, c(é),
namely the one with C={sma-o | |s|y, |a| £«; m € KF}. Conversely, every Z},c(€)
is contained in some I'y ,(e), since any compact set C is contained in one of the
special type given above. This finishes the proof.

2.5. PROPOSITION. Let 1 <p=o0. The following statements are equivalent:

(i) For all fe L*(G|B(E)) the Poisson integral of f converges to f admissibly and
restrictedly a.e.

(ii) For all functions f on G|B(E) such that f, € L°(N(E)) the Poisson integral of f
converges to f admissibly and restrictedly, a.e.

Similarly, we have equivalent statements if we replace L? by the space of all signed
measures in (i) and by the space of all finite signed measures in (ii).

Proof. By Lemma 1.3 the class of f occurring in (ii) is a subclass of L?(G/B(E));
hence (i) implies (ii).

To show the converse, note that the image of N(E) under s — § is open in
G/B(E). Let U be an open set whose closure is contained in this image. By com-
pactness there exist elements e=g;, g5,..., g in Gsuch thatg,-U, ..., g;- U cover
G/B(E). Now any f € L*(G/B(E)) can be written as f=2, f with f¥ e L*(G/B(E))
and the support of /¥ contained in g,U (1 <j=/). Using G-invariance (Corollary to
Proposition 2.1) it follows that it is enough to show that (ii) implies (i) for functions
f€ L?(G/B(E)) such that f, has compact support in N(E). This however is obvious,
since in this case f;, € L?(N(E)).

The proof for measures is similar.

2.6. THEOREM. Let fe L*°(G/B(E)) and let F be its Poisson integral. Then, with
respect to any fixed H € a*(E), F converges to f admissibly and restrictedly a.e.

Proof. If V is any compact neighborhood of the identity in N(E), we denote
pexptH = {sexptH | g V}: it is clear that the Haar measure of V°**tH js ke~ 2@
with a constant k. It is known [2], [15] that for almost all s, € N(E)

lim s [ | fisus)=fiGo0)] ds = 0.

t—=

Let s, be such a point.
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Let >0 and «>0. By Proposition 2.4 the proof will be finished if we show that
there exists 7 € R such that |F(x)—f3(so)| < e for all x € I'y;, ,(so). Now x € I'}y, (o)
means x=so(exp tH)s,ma-0=s,57""ma(exp tH)-o, with |s,]y, |a| S« and t2 .
By Proposition 1.5 we have

@ ~iGsal = |[ Giusproensmeom—f e e d

é (f +J‘ ) lfl(sosgxp tH gma exp tH) _j’l(so)]e—2ps(H(s)) df
NME-U; JU,

Choosing U, to be a compact neighborhood of the identity large enough such that

e-205HO) g <« &
fmm-ul 4fl=

we have that the first integral on the right is <¢/2. Noting that e~ 2°:#® js bounded
on U; by some number M,, we see that the second integral is majorized by

M [ I fsustotsme o) —fis)| ds
Uy

= Maerests e | | fi(608) = i(50)] ds

(sluTG)OXP tH
(we have made a change of variable). Now let

M = M, Max e2rg(log a)
lal<a

and let
V = {s:5™ | |si|u, @] £ a;s€ Uy; me K5}

Our last expression is majorized by

Me2ost) j | fi(s08)—£(5)) d.

exp tH

We can choose 7 € R so that this is <¢/2 for all > 7, finishing the proof.

3. Hermitian symmetric spaces. Hermitian symmetric spaces of noncompact
type can be realized as generalized halfplanes in a complex vector space [11]. The
distinguished boundary in Bergman’s sense of the generalized halfplane can then be
identified with the orbit of N(E) in G/B(E) for a certain special E. Restricted
admissible convergence to the distinguished boundary has been defined in geo-
metric terms in [9], [10], [17]; we shall compare this definition with our general
definition given in §2.

First we consider the irreducible case. The group corresponding to our G in [11]
is ad(c)G°; our a isih~, i.e. the linear span of {H,},c, (cf. [11, Lemma 4.3]). As was
shown by C. C. Moore [12], if we order A as y,>--- >y, then F consists of
3(yvi—vi+1) (12i</) and of y, or 3y, depending on whether the latter appears
among the restricted roots. The subset E corresponding to the distinguished
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boundary consists of 3(y;—¥2), ..., ¥(yi—1—7y). a(E) is the span of the element
3 2yea H,. The element H is now determined up to a constant multiple. Since our
notion of restricted admissible convergence is clearly unchanged if we replace H
by a positive constant multiple, we can fix H once and for all to be equal
to 4 >,ca H,. Our M(E) is the same as L in [11], we also have K¥= M(E) in this
case. By [11, Lemma 5.3] there are one or two negative weights on a(E). On H they
have the value —1 and (maybe) —1; the corresponding weight spaces are n; and
ng . Their sum is our fi(E); in [11] it is denoted by n~, the corresponding group by
N~. The norm |n|y introduced in §2 is clearly the same as the norm used in [9], [10],
[17]. The symmetric space G/K is realized [11, Theorem 6.8] as the domain

D¢ = {(z1, z5) e P17 +¥p5 | Im z, — (2, z5) € ¢}

where c¢ is a cone, equal in our present notations to the orbit K4 -o.
The geometric definition of restricted admissible convergence in [9], [10], [17] is
given in terms of the sets

I%a(80-0) = {5051-(,0) | y € w, |s1|u < ofy], |¥] S €77}

where 7 € R, o> 0, and w is any subcone of ¢ such that @<c U {0}. Writing | y| =e~*
and using Lemma 2.2 we see at once that

T%,0(50-0) = {so(exp tH)s;-(iy1,0) | y1 € wy, |81y S «, t 2 7}

where w, is the set of all y; € w such that [y;|=1. It is clear that the notion of
convergence does not change if instead of the sets w, we use arbitrary compact
subsets of ¢, which is equivalent to using the sets I'y; ,(s,) defined in §2. So, taking
into account Proposition 2.4, we have proved the following result.

3.1. PROPOSITION. For irreducible Hermitian symmetric spaces realized as
generalized halfplanes the geometric definition of restricted admissible convergence
a.e. is equivalent with the definition given in §2.

It is also easy to see what happens in the reducible case. Then D¢ is a product of
irreducible domains, and the dimension of a(E) is equal to the number of irre-
ducible factors. H is no longer unique up to constant multiples, and depending on
the choice of H we get different notions of restricted admissible convergence.
There is, however, a natural choice of H, namely such that its projection onto each
irreducible factor should have the normalization given above. (This corresponds
to the projection of the geodesic line (exp #H)- o onto each irreducible factor having
a tangent of unit length at 0.) Restricted admissible convergence with respect to
this H is again equivalent to the geometric definition.

In [9] still one more definition of convergence was considered, this time in terms
of the structure of D¢ as a complex domain. For a product of discs it was shown to
be equivalent with wunrestricted nontangential convergence. This definition is
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meaningful for any D°: For «>0 and a point s,-0 on the distinguished boundary
one defines

H(50-0) = {z epe| &2 o }

15Go-0,2)] = *

and one considers convergence z — 5o-0, in the topology of the ambient vector
space, under the restriction z € £(s,-0). (One can also make an analogous de-
finition using the canonical bounded realization D of the space and its Szegd
kernel % By the relation connecting & with S [8, p. 342] it is clear that this gives
the same notion of convergence a.e.) Writing z=sqmas, -0 (m € KE,a € A, s, € N(E))
we see by [8, formula (3.4)] that S(z, z)-|S(so-0, z)| ~*=S(o, 0)-|S(s7*-0, 0)| ~*.
This shows that the condition z € (s, -0) is equivalent with s, being restricted to a
compact subset of N(E). It is now easy to see that convergence under the restriction
z € (8- 0) can be intrinsically redefined by using the sets

I'T(so) = {somas,-0 |me K5, ac A,loga 2 T, s, € U}

where U is a compact subset of N(E) with nonempty interior, T € a(E), and log a=T
means that B(log a—T) 20 for all positive restricted roots 8.

It would seem natural to define unrestricted admissible convergence in terms of
the sets I'T(so); this would then make sense for any symmetric space and any
boundary. However, an example constructed by E. M. Stein and N. J. Weiss (as yet
unpublished) shows that in the case of the tube over a 3-dimensional circular cone,
i.e. the space Sp(2, R)/U(2), there exist L*-functions on G/B(E) whose Poisson
integral does not converge a.e. in this sense. Therefore we do not pursue this
further, at any rate not in the apparently too general case of an arbitrary subset
ECF.

4. Remarks on unrestricted convergence. Because of the example mentioned
at the close of the preceding section, we define and study unrestricted admissible
convergence only in relation to the maximal boundary G/B. Even in this case our
discussion is not complete; in order to prove that the condition of Proposition 4.3
is satisfied at almost every point we would need an extension of the strong differ-
entiation theorem, known for vector spaces, to nilpotent groups.

For ge G, Tea and for any compact M-invariant set C< X with nonempty
interior we define

HE(g) = {(k(gla-x|ac A, loga 2 T, xe C}

where log @ =T means that B(log a—T) 20 for all positive restricted roots 8.

We say that a function F on X converges at ¢ admissibly and unrestrictedly to the
number r if for all e>0 and all C there exists T such that x € #J(¢) implies
|F(x)—r|<e.

If f is a function on G/B and F a function on X we say that F converges to f
admissibly and unrestrictedly a.e. if for almost all ¢ (with respect to p) F converges
at ¢ admissibly and unrestrictedly to f(g).
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It is clear that this implies restricted admissible convergence with respect to any
choice of an element Hea*.

4.1. PROPOSITION. Given a compact set C< X and an element g' € G, there exists
a compact M-invariant set C’'< X with nonempty interior such that
g A3 () < 4 (g'8)
for all g€ G and T € a*. Therefore, unrestricted admissible convergence a.e. is a
G-invariant notion.

Proof. It is clear from the definitions that
(&) = U R c(8).
Hz2T

Thus the assertion follows from Proposition 2.1.
For any s, € N, T € a, and any compact set U< N with nonempty interior we define

I'5(so) = {s,as,-0|loga = T, s, € U}.
4.2. PROPOSITION. Let F be a function on X, f a function on G|B. Then F converges

at $, to f(So) admissibly and restrictedly if and only if for all ¢>0 and all compact
U< N there exists T € a such that x € T'}(s,) implies | F(x)—f1(so)| <e.

Proof. Similarly to the proof of Proposition 2.4, we will show that at each point
$o unrestricted admissible convergence is equivalent with the analogous notion
defined in terms of the sets I instead of &/ By the fact that I'F(s,) =s,- I'l/(e) and by
Proposition 4.1 it suffices to show this at é.

In fact, each I'}(e) is contained in (even equal to) some 2/f(¢); we can e.g. take
C={a;s,-0 | 0=log a; =T, 5, € U} with some T, € a*. Conversely, given <(¢é),
there exist compact sets C,< A, U< N such that C<C’'={a;s,-0 | a, € C4, 5, € U},
and there exists T, € a such that log a, £T, for all a, € C,. We have then </Z(¢)
c LE(e)<=T'} To(e), finishing the proof.

4.3. PROPOSITION. Let f€ L*(G/B) and let F be its Poisson integral. Let s, € N,
and assume that for any compact neighborhood V of the identity in N and for any
>0 there exists T € a such that log a= T implies

_1 -
mes (Va) fV“ |.f1(s0s) _‘fl(ﬁo)l df < e.
Then F converges at 3, to f(5,) admissibly and unrestrictedly.

Proof. By Proposition 4.2 it suffices to show that for any compact U< N and
e>0 there exists T € a such that x € I'[(s,) implies |F(x)—fi(s,)| <e. x € I'L(s,)
means that x=s,as,-0=s,5%a-0 with s, € U and loga=T.

Using Proposition 1.5 we have

|F(x)—f1(s0)| = UN (fi(505%5%) — f(50))e ~ 225 dig
< ([, + [ ) 1Gsstsr)~ritsole-2eom s,
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Choosing U, to be a compact neighborhood of the identity such that

e-2PHO gs « —

fN-Ul 4flw

we have that the first integral on the right is <e/2. e~2°® js bounded on U, by
some number M,, therefore the second integral is majorized by

M, f | f1(50535%) —f1(S0)| ds = M,e?*%°® a)f . | fi(s08) —f1(s0)| ds
Uy (s,U1)

S1

(after having made a change of variable). We have s, € U; therefore, denoting
U.U,=V, this is further majorized by

7%) Maeetee [ |£i(505) 0] s

Noticing that mes (V%) =mes (V)e~2°4¢ @ _it follows from our hypothesis that (4.1)
is <ef2 if log a=T for an appropriate T. This finishes the proof.

5. Symmetric spaces of rank one. The first lemma is valid for symmetric spaces
of arbitrary rank.

5.1. LeMMA. For any symmetric space of noncompact type, e**H® is a poly-
nomial in the canonical coordinates of N.

Proof. Let {X;} be a basis of n such that each X; belongs to some positive
restricted root space. If we denote the Cartan involution of g= t+p by 6 and write
X,=0X,, {X;} is a basis of 7 and {X,+ X,} spans a complement [ of m in f. [4,
Lemma 3.6, p. 223].

By [7, Theorem 2.1] we have

(5.1) 2 HO = det (P Ad (s7Y)|y)

where P is the projection of g onto the subspace t along the complementary
subspace a+n.
Let s=exp > x;X;. Then

Ad) =3 S Ad(-3 xK)

where the sum over v is finite since each X is in a negative root space. We pick a
basis { Y} of m. It is then clear that each fixed X;+ X, and Y, is carried by Ad (s~?)
into a sum of the form 3 (5,(x) X, +p.(x) X, +q4(x) Y;) where the p,, p,, g, are poly-
nomials in the variables {x;}. Applying P to this, we get > (5,(x)(X;+ X,) +44(x) Y;).
Thus P Ad (s~*)|¢ has a matrix whose entries are polynomials in the {x,}, and our
assertion follows by (5.1).

From now on it will be assumed that the rank of G/K equals 1. Then a is 1-
dimensional, and there are at most two positive restricted roots; we shall denote
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them by X and (possibly) 4A. The element H € a* is unique up to positive constant
multiples. Therefore we can fix it once and for all by the normalization A\(H)=2;
the notion of restricted admissible convergence is unaffected by this. Since in this
case there is no difference between restricted and unrestricted, we shall simply
talk about admissible convergence. Instead of |s|; we write |s|. We use the de-
finitions of §2 making only one slight simplification: Instead of the sets I'}; ,(so)
we use
Ti(so) = {so(exp tH)s-o | |s| £ «, t Z 7}.

It is clear that Proposition 2.4 remains true for these.

5.2. LEMMA. Let m=2p(H). There exists a constant M such that
e2PHEXP~ ) —tH) < Afomt forallse ]V,
< Me™t|s|™*Y for |s| 2 et

Proof. The first inequality is trivially true since e~2°®® js a bounded function
on N.

To prove the second, we choose a basis {X;} of the root space g_, and a basis
{Z,} of g_,2. Then every s e N can be written in the form s=exp X, (x;X;+2,Z;)
and we have

sPH = exp Z (€®x; X+ ez, Zy).

Defining the function p by
P(S, et) = e2D(H(sexn-m»

it follows now from Lemma 5.1 that p is a polynomial in s (i.e. the canonical
coordinates of s) and in €.

A simple application of Proposition 1.2 gives

emt
(s, ) ‘

By [7, Theorem 3.1] this tends to 0, for every fixed s+#e, as ¢t — co. Hence, for fixed
s#e, p(s, £) is a polynomial in ¢ of degree at least m+1.

It follows now easily that there exists a number M such that

(5.2) ' p(s, ) = M
for all |s,|=1 and all ¢21. Now let s#e. Then, by Lemma 2.2, s=5s** %" with
Isi]=1, |s|=¢eb. In (5.2) we set {=et*'o=¢t|s|, and we notice that p(s,, e'*)
=p(s, €'). This finishes the proof.

For every r>0 we define the sets B(r)={s € N | |s| Sr}. It is clear that B(r)>®*H
= B(re~*), and hence mes (B(r)) =r™ mes (B(1)). For any integrable function ¢ on N
one defines the maximal function ¢* by

= @~ 20(H(so*P~tHy—tH) _ P(exp tH, .s")e = 20(HE) |

|
* — —
'd (SO) - ?Eg mes (B(")) By I?’(sos)' dg‘

It is known [2], [15] that the Hardy-Littlewood maximal theorem is valid for ¢*.
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5.3. LEMMA. Given o>0, there exists a constant C, such that whenever f is a
function on G|B such that f, € L\(N) and F is the Poisson integral of f we have

|Fx)| = Cafi*(s0)
for all sq € N, x € Ti(so), 7€ R.

Proof. Since everything is invariant under left translation by s,, we may assume
that s,=e. Let x e I')(e). Then x=(exp tH)s-o=s**"(exp tH)-0 with [s|Ze,
which amounts to the same as saying that x=s;(exp tH)-o with |s;| Seet. Let
8=2cae ™t where cis the constant of Lemma 2.3. By Proposition 1.5 and a change of

variable we have
|F(x)| = |F(sy(exp tH)-0)|

= IJ fi(slselmtli)e—2o(ﬂ(s))dgl
N

= = 2p(H((s{ 1 5)0xP ~ tH) —tH)
fi(®)e 1 ds
N

0
- —~1lgyexp — tHy _
< (f + ZJ " )|f1(s)|e 20(H(sT 9) )=tH) Je.
BG) f=0 JB(@ *16)-B(2%)

Now we notice that, by Lemma 2.3, s ¢ B(2'8) i.e. |s|>2/*'cae~* implies that
|s71s| >2%ae~t (j=0, 1,...), and we use Lemma 5.2. We obtain

@ -t

F(x)| £ Me™ f FOM e f :

I (x)l ¢ B(6) lfl] ;Zo (2le=t)m+1 B(2!* 1) - B(25) 'fll
The right-hand side is further increased by taking each integral over B(2/*13)
instead of B(2/+18)— B(2'8). By the definition of f¥ it follows that

l 0
IFGI S M mes (B Qe+ > 22%7/) 20
and the proof is finished.

5.4. THEOREM. Let G/K have rank one, and let f € L*(G/B). Then the Poisson
integral of f converges to f admissibly a.e.

Proof. By Proposition 2.5 it is enough to consider the case where f; € LY(N).
In this case the theorem follows from Proposition 2.4 and Lemma 5.3 by standard
methods (cf. [18, Chapter XVII] or [15]).

Still by standard methods (cf. also [7, Theorem 6.1]) one can generalize this
theorem to the case of Poisson integrals of signed measures on G/B.

There is also a generalization of Privalov’s local version of the Fatou theorem.
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5.5. THEOREM. Let G/K have rank one, and let F be a harmonic function on G|K.
Let S< N be a measurable set, and assume that for each s € S there exists a set U= N
with nonempty interior and a = € R such that F is bounded in

I'y(s) = {s(exp tH)s,-0 |t Z 7,5, € U}.

Then, for almost every s € S, F converges at § admissibly to a finite value.

(Of course, by the argument of Proposition 2.4, we could equivalently state this
theorem starting with a measurable set S<G/B and assuming boundedness of F
in sets of the form %% (g).) The proof follows the lines of a proof of Calder6n
[18, Chapter XVII] which was adapted to the case of Hermitian symmetric spaces

. of rank one in [9]. We shall not give it in detail, since the proof in [9] can very
easily be translated to the present situation. There is only one point requiring
special attention: In the course of the proof one needs the existence of a positive
harmonic function (4 in [9]) which has admissible boundary value 0 at each s
(s € N) and is constant on orbits of N. In the present case such a function is given
by h(sa-o0)=e € which is harmonic e.g. by [6, Theorem 15.3.2].
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